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Abstract 
Empirical studies have shown that demand for multimodal transport systems is highly correlated with activity schedules of 
individuals. Nonetheless, existing analytical equilibrium models of multimodal systems have only considered trip-based demand. 
We propose a new market equilibrium model that is sensitive to traveler activity schedules and system capacities. The model is 
based on a constrained mixed logit model of activity schedule choice, where each schedule in the choice set is generated with a 
multimodal extension of the Household Activity Pattern Problem. The extension explicitly accounts for both passenger choices of 
activity participation and multimodal choices like public transit, walking, and vehicle parking. The market equilibrium is 
achieved with Lagrangian relaxation to determine the optimal dual price of the capacity constraint, and a method of successive 
averages with column generation finds an efficient choice set of activity schedules to assign flows over the dynamic network load 
capacities. An example illustrates the model and algorithm, effects similar to Vickrey’s morning commute model can be observed 
as a special case. A case study of the Oakville Go Transit station access “last mile” problem in the Greater Toronto Area is 
conducted with 166 survey samples reflecting 3,680 individuals. Results suggest that a $10 fixed parking fee at Oakville station 
would lead to a reduction of access auto share from 54.8% to 49.5%, an increase in access transit share from 20.7% to 25.9%, 
and a disutility increase of 11% for the of single-activity residents of Oakville. 
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1. Introduction 
With increasing urbanization and ubiquity of information communications technologies (ICTs), the need and 
opportunity for urban agencies to consider new ICT-driven mobility systems and transportation business models 
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have never been greater. This is evident in the quickly changing landscape of multimodal transport services from the 
private sector: companies that offer car sharing, advanced parking management systems, demand responsive shuttle 
or taxi services, among others. Despite such interest, the public sector has largely not been able to reap the benefits 
of these alternative operating designs. Unlike private firms, urban agencies need to consider the effect of a system 
design on the public welfare and measure its supply-demand equilibrium, as with any transportation system 
(Manheim, 1976; Florian and Gaudry, 1980). Even in settings where multimodal systems may be well-suited, such 
as last-mile operations to connect users from transport hubs to their final origins/destinations, many agencies find 
themselves lacking decision support tools to do so. 
 The underlying problem is that multimodal systems, more so than traffic systems, need to explicitly consider the 
users’ daily schedule constraints as well as the systems’ schedules. Travelers participate in a number of activities in 
which they have desired arrival times (Small, 1982; Chow and Recker, 2012), from which they may schedule 
transport services. Choices in travel mode and activity agenda are highly inter-related. For example, leaving a car at 
home to take transit will not only impact an individual’s morning commute, but will also affect subsequent trip 
choices and schedule throughout the day. As argued by Kang et al. (2013), these schedule effects can be much more 
dominant in the user behavior for multimodal systems than in traffic networks. In essence, an equilibrium model of 
multimodal systems needs to account for both the scheduling behavior of users and the capacity effects of the 
system. 
Much of the literature on equilibrium models of multimodal systems, however, relies on either 1) traffic 
equilibrium extensions that base the mode choice decision purely on congestion effects during a peak period (e.g. 
Abdulaal and LeBlanc, 1979; Dafermos, 1982; Wu et al., 1994; Cantarella, 1997; Lam et al., 1999; Kurauchi et al., 
2003; Lo et al., 2004; de Cea et al., 2005; Li et al., 2007), on 2) Vickrey’s (1969) morning commute variations (e.g. 
Arnott et al., 1991; Tian et al., 2007; Qian and Zhang, 2011; Gonzales and Daganzo, 2012), or on 3) agent-based 
simulations (e.g. MATSim – Rieser, 2010; MILATRAS – Wahba and Shalaby, 2014). While traffic equilibrium 
extensions capture congestion effects in peak period travel choices, they ignore trip chains and user scheduling 
behavior throughout the day. Bottleneck models offer a high level view of time-dependent choices for policy 
analysis, but do not capture the trip chaining behavior for a full activity agenda. None of these offer an analytical 
equilibrium model that considers both system capacities and activity scheduling behavior of users.  
A few studies have analytically “assigned” users to activity-based schedules. Li et al. (2010) proposed an activity 
assignment equilibrium model that considers fixed route transit services, but individual spatial-temporal constraints 
inherent in individual scheduling behavior are not modeled. Liao et al. (2013) considered multimodal options using 
supernetworks of access states. Recker (1995) proposed a model that assigns individuals to daily activity schedules 
in a mathematical programming structure that is conducive to duality analysis, and can be calibrated to observations 
from household travel diaries (Chow and Recker, 2012). However, it does not model multimodal options, and 
neither it nor Liao et al.’s (2013) model consider equilibrium between individuals in a congested or capacitated 
system. 
We propose a market equilibrium model for multimodal transport systems that captures both the capacity effects 
of a transport system and the traveler activity scheduling behavior. The model is based on an extension of Recker’s 
(1995) Household Activity Pattern Problem (HAPP) to 1) accommodate multimodal travel choices, and 2) to 
aggregate the choices of a sample of users to the population while constraining them within the load capacity. 
Neither of these contributions is trivial, as they require significant modifications to the graph structure and use of 
Method of Successive Averages (MSA) and column generation algorithm (by exploiting the duality property of the 
model) to construct the choice set of a spatial-temporally constrained mixed logit model under dynamic network 
capacities. Unlike other multimodal equilibrium models, this is the first disaggregate activity scheduling assignment 
via sampled vehicle routing problems (HAPP models) and aggregated in a manner that is consistent with a spatial-
temporal constrained mixed logit model of traveler activity schedule choice. 
The paper is organized as follows. Section 2 provides a review of the need for activity scheduling in transit 
design, and how the HAPP model handles the former but not the latter. Section 3 presents the proposed multimodal 
extension to the HAPP model and a mixed logit based MSA and column generation solution method that accounts 
for dynamic network load capacity. Section 4 provides a replicable example that illustrates the model and solution 
method, and Section 5 presents a case study of the model used to analyze a park-and-ride facility in the Oakville Go 
Transit hub in the Greater Toronto Area using the 2011 Transportation Tomorrow Survey (TTS) data obtained from 
the Data Management Group (DMG, 2014). 
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2. Literature Review 
2.1. Activity scheduling 
A number of studies give empirical evidence that mode choice behavior is highly dependent on factors outside of a 
single trip (Miller et al., 2005), such as activity agendas participated by the individual throughout the day (Bhat, 
1997; Jonnalagadda et al., 2001). These studies suggest that activity-based scheduling choices of travelers are 
needed to appropriately model the demand equilibrium for multimodal transport systems. The roots of activity 
scheduling (or activity routing) began from the efforts of social scientists and economists to try to understand why 
and how people travel (time geography: Hägerstrand, 1970) and how they make use of their time (time allocation: 
Becker, 1965). In recent years, three general classes of activity routing models have been proposed: a network 
equilibrium approach that focuses on congestion effects on activity networks; a multimodal supernetwork approach 
that captures transitions between different modes in space and time as states; and deterministic utility maximization 
under space-time constraints as a series of integer programming problems per household.  
 Lam and Yin (2001) first introduced an activity-based equilibrium model, which looks at activity patterns from 
an aggregate perspective. As such, congestion effects can be captured with a discrete time-expanded network and 
the assumption that choices made earlier in the day are independent of choices later in the day. The model has been 
extended to include parking (Huang et al., 2005), multimodal systems (Li et al., 2010) stochastic utilities (Fu and 
Lam, 2014), weather effects (Fu et al., 2014), and energy use (Nourinejad et al., 2015). The model has been shown 
to be a more generalized form of the Vickrey bottleneck model (Li et al., 2014). 
 Arentze and Timmermans (2004) proposed a state-expanded network to represent activity and vehicle states such 
as whether an activity is conducted, and whether the individual’s car is at home or parked elsewhere. The model 
allows for activity sequencing, trip-chaining, and destination choice, and a subsequent extension (Liao et al., 2013) 
added a temporal component. To address the computational cost of running the shortest path problem through these 
supernetworks, Liao et al. (2010) separated the networks into smaller feasible regions. 
 Recker’s (1995) HAPP model is an optimization model for assigning households (or individuals, in the 
simplified case) to activity agendas in a disaggregate manner (much like discrete choice models assign individuals to 
probabilities of choosing alternatives, HAPP model assigns individuals to these agendas). The model is designed as 
a multi-objective pickup and delivery problem (see Solomon and Desrosiers, 1988), where virtual delivery nodes are 
located at the home are used to allow tours with return home activities. Several advantages of this model framework 
include: time is not discretized; trade-offs between trip chains can be made; trade-offs for household interactions can 
be made; the multiple attribute objective function can represent (if calibrated properly) the individual’s utility 
function (see Recker, 2001). Spatial-temporal constraints can be defined in terms of dual prices due to the linear 
programming structure, which provides a very powerful sensitivity analysis tool for analyzing spatial-temporal 
scenarios. For example, Recker and Parimi (1999) quantified the reductions in emissions due to households 
switching from no ride sharing behavior to ride sharing. Kang and Recker (2014) measured the effects of alternative 
fuel vehicle adoption under limited refueling infrastructure on households in Southern California using calibrated 
HAPP models.  
 Chow and Recker (2012) proposed a means to calibrate the HAPP model using an inverse optimization 
methodology, which made it possible to apply the model in a descriptive context by fitting the model to observed 
travel survey data. Further extensions include destination choice (Kang and Recker, 2013; Chow, 2014), needs 
satisfaction as an inventory routing problem over multiple days (Chow and Nurumbetova, 2014), and application of 
the model to truck activity assignment based on GPS data (You et al., 2015). A more detailed review of activity 
routing models in the recent literature is provided by Chow and Nurumbetova (2014). 
2.2. HAPP model overview and research gaps 
The general structure of the HAPP model can be represented as a mixed integer programming problem, with 
parameters defined by the set of activities (and their locations relative to the household, desired start times, durations, 
arrival penalties, and whether they are compulsory or utility based), travel times and costs between all nodes, and 
coefficients of each of a set of objectives identified by the modeler. The core model’s decision variables are the set 
of activity route choices, ܺ, (which is an OD-level route, not an infrastructure network route) modeled as binary 
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variables, and the arrival times at each node, ܶ, modeled as non-negative continuous variables. Every individual has 
a home and a set of activities that are drawn from a shared graph ܩሺܹǡ ܧሻ, where ܹ is a set of centroids for 
conducting activities, and ܧ is the set of edges or arcs connecting them. The simplified matrix format of the model is 
shown in Eq (1) for each household i in a population P. 
 
ܼ௜ሺ ௜ܺሻ ൌ ܤ௜ᇱ ௜ܺ (1) 
Subject to  
ܣ݅ܺ݅ ൑ Ͳ  
Where  
௜ܺ ൌ ൥
ܺ௩
ܪ
ܶ
൩ ǡ ܺ௩ ൌ ሾܺ௨௪௩ ൌ ሼͲǡͳሽሿǡ ܪ ൌ ሾܪ௨௪ఈ ൌ ሼͲǡͳሽሿǡ ܶ ൌ ሾ ௨ܶ ൒ Ͳሿ 
 
 
ܺ௨௪௩  is a binary decision variable equal to 1 if vehicle v travels from activity u to activity w, and 0 otherwise. 
ܪ௨௪ఈ  is a binary decision variable equal to 1 if household member Į travels from activity u to activity w, and 0 
otherwise. 
௨ܶ is the time at which participation in activity u begins. 
 
The matrix ܣ௜ is comprised of space-time constraints that primarily capture continuity of flow, dependency between 
arrival time and route sequence (which also serve as sub-tour elimination constraints), and time window or goal 
arrival time constraints. ܼ௜ is a vector of multiple objectives, such as minimizing length of travel, time to return 
home from each activity, length of day outside of home, etc. Each individual differs from another through ܣ௜ and ܤ௜, 
i.e. the HAPP model can be represented as an operator, ࣢ǣ ሼܣ௜ǡ ܤ௜ሽ ՜ ሼ ௜ܺǡ ௜ܶ ǡ ܼሺ ௜ܺǡ ௜ܶሻሽ.  
 As an example, consider a very basic setting with one home H and two activities 1 and 2. A standard VRP might 
determine an optimal sequence H-1-2-H, for example, which forces the user to conduct a trip chain before returning 
home. HAPP, however, is a pickup-and-delivery problem (PDP), which creates drop-off nodes at the home; let’s call 
them 1h and 2h corresponding to drop-offs for activities 1 and 2, respectively. A HAPP solution of H-1-1h-2-2h-H 
means the person actually goes home between activity 1 and 2. Alternatively, it may be H-1-2-1h-2h-H, which 
would be a trip chain. The final H is the end of the day for that person. 
 As a mixed integer programming problem, it is convenient to conduct disaggregate sensitivity analysis with 
HAPP. For example, we can determine the sensitivity of each individual to changes in spatial-temporal constraints 
or transport systems designs. However, there are two major roadblocks.  
First, the HAPP model currently does not feature any explicit consideration of multimodal elements; one may 
create artificial links for different modes at a basic level, but that graph structure would not allow one to model, for 
example, duration-based parking pricing at a park-and-ride facility at a major transit hub. A fundamental change to 
the model is needed to accommodate modal route choices and separation of passengers from vehicles.  
Second, there is no congestion or capacity effect in the modeling framework; in other words, there is currently 
no interaction mechanism between individuals from different households operating with different HAPP models. A 
third problem related to the second is that in most cases we will not be able to survey a whole population to 
determine the parameters ൛ܣ௝ǡ ܤ௝ൟ for everybody. If HAPP is only applied to a subset of the population, how can we 
capture such interaction effects as a system capacity constraining the whole population? There needs to be a way to 
aggregate choices of the individuals from a subset ܵ ؿ ܲ to the whole population so that the impacts of system 
capacities on the population can be realized.  
 
3. Proposed Model 
3.1. Hybrid directed graph structure 
In the proposed extension to HAPP, we explicitly include transportation nodes: parking facilities, transit stations, 
and major road interchanges for which we may wish to evaluate effects of design alternatives on activity patterns, as 
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shown in Figure 1. The shared graph for the population is denoted as ܩሺܹǡ ܧሻ, where ܰ ؿ ܹ is the set of centroids 
as defined for the shared graph of the original HAPP model (including locations for all homes and activities – either 
individual addresses or zones). Ȧ ؿ ܹ is the set of transport nodes.  
Unlike the activity nodes, the transport nodes can potentially be used multiple times by the same individual; for 
example, even going to and back from work using the same transit route entails accessing and egressing from the 
same station. In a complete graph structure like that of a VRP, it is not possible to visit that same intermediate node 
multiple times. To overcome this challenge, we expand the indices for the decision variables to include the activity 
origin-destination pair ݎݏ, i.e. ܺ௨௪ ՜ ܺ௨௪௥௦ . A variable ܺ௥௦௥௦, where ݑ ൌ ݎ and ݓ ൌ ݏ, means a direct movement from 
one activity node ݎ to activity node ݏ. On the other hand, ܺ௨௪௥௦  where ሼݑǡ ݓሽ א Ȧ means a choice of travel from 
transport node ݑ to transport node ݓ for the purpose of travel from activity node ݎ to activity node ݏ. This change 
significantly increases the size of the problem if a complete graph is used; however, we can use a directed graph 
with a link list data structure to remove all infeasible links (ܺ௔ ൌ ܺ௥௦௥௦, as illustrated in Section 4). The directed graph 
approach significantly reduces the computational size of the problem. For example, in the illustration in Section 4, a 
graph comprised of 1 home node, 2 activity nodes (for 4 pickup and delivery nodes) and 4 transport nodes would 
have had ͻସ ൌ ͸ͷ͸ͳ values of ܺ௨௪௥௦  under a complete graph structure, but when setup as a directed graph we end up 
with 54 variables. 
The third major change is in clustering of transport nodes within modes. By default, we assume a direct 
connection from an activity to activity is by walking. Travel by car occurs only between parking nodes with each 
other or with home. Other transport services occur between stations, which are also accessed by walking. 
Multimodal modes can be defined simply by adding the nodes that belong within those mode clusters and by setting 
up the links to connect them. Flexible transit services like car-sharing and ride-sharing can then be customized to 
some degree with the proper placement of nodes, updates of travel times, etc. 
A fourth major change is the introduction of arrival time decision variables for vehicles at parking facilities. 
These variables are used to keep track of the time spent parking and to require someone leaving a car at a parking 
facility to have to return to pick it up. 
 
 
Fig. 1. Illustration of integrated activity and multimodal scheduling decisions. (map source: Openstreetmaps) 
 
home 
work
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3.2. Multimodal HAPP mixed integer programming formulation 
The multimodal HAPP (mHAPP) model, with the changes proposed earlier, is formulated as follows, and denoted as 
an operator ࣢ǣ ሼܩ௜ǡ ߚ௜ሽ ՜ ሼ ௜ܺǡ ௜ܶሽ , where ࣢௜  is short form for a calibrated model for individual ݅ . ܩ௜ ؿ ܩ  is a 
subgraph pertaining to the activities and transport nodes that can be observed from individual ݅’s feasible space. The 
݅ index for each user is left out in the formulation in this section to keep the presentation simplified. Only the single-
member household (i.e. individual) is considered as all the extensions made here can be modularly expanded to a 
full household with interactions as discussed in Recker (1995).  
 
Parameters – observable from revealed travel data and network 
ܰ is the set of all activity nodes ݑ of individual ݅, divided into pickups (ܰା) and deliveries (ܰି) (all delivery 
locations set to home);  
Ȧ ൌ ൛Ȧଵǡǥ ǡ Ȧȁ୚ȁൟ is a set of multimodal nodes representing parking facilities (Ȧଵ) or transit stops, and these are not 
divided into pickups and deliveries; 
O is the home node of individual ݅, which may be indexed as 0; 
D is the final return home node of individual ݅, which may be indexed as ȁܰȁ ൅ ͳ; 
ܹ ൌ ܰ ׫ Ȧ ׫ ܱ ׫ ܦ is the set of all nodes for the population; 
ܸ ൌ ሼͳǡʹǡ ǥ ǡ ȁܸȁሽ is the set of modes available for users, with 1 set default to automobile, 2+ to other transport 
services, and mode 0 refers to walking; 
ݐ௨௪ is the travel time between nodes u and w, where the mode ݒ is determined by the set that the nodes belong to 
(e.g. if ݑ א Ȧଵ and ݓ א ܰ, that implies walking from a parking facility to an activity node); 
ܿ௨௪ is travel cost between nodes u and w for mode v implied by the types of nodes at each end similar to ݐ௨௪; 
݀௨ is the duration at activity node ݑ for individual ݅, or the average wait time at a transit station for frequency-based 
transit node; 
ܽ௨ǡ ܾ௨ are optional early and late arrival time windows for node u, if the modeler wishes to capture operating hours 
or to include transit schedules; 
ܽைǡ ܾ஽ are earliest initial departure time from home and latest final arrival time to home for individual ݅ – typically 
this might not be known, so they can be relaxed; 
ࣧ is a sufficiently large constant; 
 
Parameters that need to be calibrated using inverse optimization 
ߚ is a vector of weights, ߚ ൌ ൛ߚଵ଴ǡ ǥ ǡ ߚȁ௄ȁ
଴ ǡ ߚଵ
்ǡ௘ǡ Ǥ Ǥ Ǥ ǡ ߚȁேȁ
்ǡ௘ǡ ߚଵ
்ǡ௟ǡ Ǥ Ǥ Ǥ ǡ ߚȁேȁ
்ǡ௟ൟ for each individual ݅, where ߚ଴ is the set of 
weights for the ȁܭȁ objectives chosen for the HAPP model, ߚ்ǡ௘ and ߚ்ǡ௟ are the weights associated with early and 
late arrival; 
݃௨ is the goal arrival time for each node ݑ א ܰା for individual ݅. 
 
Decision variables 
ܺ௨௪௥௦  is a binary variable that indicates a route by user i from node ݑ א ሼݎǡ Ȧሽ to ݓ א ሼݏǡ Ȧሽ; the mode is determined 
by the coupling of facilities  u and w, for travel from activity node ݎ א ሼܱǡܰሽ to ݏ א ሼܰǡ ܦሽ; a route from an activity 
node would have ݎ ൌ ݑ, and to a destination node would have ݏ ൌ ݓ, and if ݑ and ݓ belong in the same Ȧ୴ then the 
travel is by mode ݒ א ܸ, else it is by walking; 
௨ܶǡ ݑ א ܰ, is a continuous variable that indicates time at which an activity node is started by individual ݅; 
௨ܶ
௥௦ is the start time at a parking/transit facility ݑ א Ȧ for travel from node ݎ א ܰ to node ݏ א ܰ by individual ݅;  
ைܶǡ ஽ܶ are the initial departure time and final return time to home for individual ݅; 
ܳ௨௥௦ା is a continuous variable for the time that individual ݅ picks up a vehicle; 
ܳ௨௥௦ିis a continuous variable for the time that individual ݅ drops off a vehicle; 
௨ܲ
௘ǡ ௨ܲ௟ are non-negative early or late arrival deviations with respect to the goal arrival times, assumed homogeneous 
across the population but may differ by activity type; 
 
A weighted objective function may appear as follows in Eq (2). 
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෍ߚ௞ை
௞א௄
ܼ௞ ൅ ෍ ߚ௨
்ǡ௘
௨ܲ
௘
௨אேశ
൅ ෍ ߚ௨
்ǡ௟
௨ܲ
௟
௨אேశ
 (2) 
 
where ܼ௞  may be represented by different objectives shown in Eq (3a) – (3f), with each objective having a different 
coefficient ߚ௞ை. 
 
෍ ෍ ෍ ෍ ܿ௨௪ܺ௨௪௥௦
௪אሼ௦ǡஃሽ௨אሼ௥ǡஃሽ௦אሼேǡ஽ሽ௥אሼேǡைሽ
 Modal travel cost (these would include 
fares (ݒ ൒ ʹ) and tolls (ݒ ൌ ͳ)) (3a) 
෍ ෍ ෍ ෍ ݐ௨௪ܺ௨௪௥௦
௪אሼ௦ǡஃሽ௨אሼ௥ǡஃሽ௦אሼேǡ஽ሽ௥אሼேǡைሽ
 Travel time (3b) 
෍ ቌ݌௨ଵ ൭ ෍ ෍ ܳ௨௥௦ା
௦אሼ஽ǡேሽ௥אሼைǡேሽ
െ ෍ ෍ ܳ௨௥௦ି
௦אሼ஽ǡேሽ௥אሼைǡேሽ
൱
௨אஃభ
൅ ݌௨ଶ ෍ ෍ ෍ ܺ௪௨௥௦
௪אሼஃభǡ୰ሽ௦אሼ஽ǡேሽ௥אሼைǡேሽ
ቍ 
Parking cost (variable fee ݌௨ଵ and fixed fee 
݌௨ଶ) 
(3c) 
െ ෍ ෍ ෍ ܺ௥௪௥௦
௪אஃೡ௦אሼேǡ஽ሽ௥אሼேǡைሽ
 Mode preference, ׊ݒ א ܸ (3d) 
෍ ቀܶ௨ାห௡శห െ ௨ܶቁ
௨אேశ
 Activity return home delay (3e) 
ሺ ஽ܶ െ ைܶሻ Length of day (3f) 
 
Subject to  
෍ ෍ ܺ௥௪௥௦
௪אሼ௦ǡஃሽ௦אே
ൌ ͳǡ ݎ א ሼܱǡܰሽ (4) 
෍ ෍ ܺ௨௦௥௦
௨אሼ௥ǡஃሽ௥אே
ൌ ͳǡ ݏ א ሼܦǡܰሽ (5) 
෍ ܺ௨௪௥௦
௪אሼ௦ǡஃሽ
െ ෍ ܺ௪௨௥௦
௪אሼ௥ǡஃሽ
ൌ Ͳǡ ݑ א Ȧǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܦǡܰሽ (6) 
෍ ෍ ෍ ܺ௨௪௥௦
௪אሼஃభǡேషǡ஽ሽ௦אሼேǡ஽ሽ௥אሼேǡைሽ
െ ෍ ෍ ෍ ܺ௪௨௥௦
௪אሼஃభǡைǡேషሽ௦אሼேǡ஽ሽ௥אሼேǡைሽ
ൌ Ͳǡ ݑ א Ȧଵ (7) 
෍ ෍ ܺ௨ை௥ை
௨אሼ௥ǡஃሽ௥אே
൅෍ ෍ ܺ஽௪஽௦
௪אሼ௦ǡஃሽ௦אே
ൌ Ͳ (8) 
௨ܶ ൅ ௨ܲ௘ െ ௨ܲ௟ ൌ ݃௨ǡ ݑ א ܰା (9) 
௨ܶ ൅ ݀௨ െ ܶหேశหା௨ ൑ Ͳǡ ݑ א ܰା (10) 
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െ ௨ܶ௥௦ ൅ ܳ௨௥௦ା ൒ ቌ ෍ ܺ௨௪௥௦
௪אሼஃభǡேషǡ஽ሽ
െ ͳቍࣧǡ ݑ א Ȧଵǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ (11a) 
െ ௨ܶ௥௦ ൅ ܳ௨௥௦ା ൑ ቌͳ െ ෍ ܺ௨௪௥௦
௪אሼஃభǡேషǡ஽ሽ
ቍࣧǡ ݑ א Ȧଵǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ (11b) 
௨ܶ
௥௦ െ ܳ௨௥௦ି ൒ ቌ ෍ ܺ௪௨௥௦
௪אሼைǡஃభǡேషሽ
െ ͳቍࣧǡ ݑ א Ȧଵǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ (11c) 
௨ܶ
௥௦ െ ܳ௨௥௦ି ൑ ቌͳ െ ෍ ܺ௪௨௥௦
௪אሼைǡஃభǡேషሽ
ቍࣧǡ ݑ א Ȧଵǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ (11d) 
௥ܶ ൅ ݀௥ ൅ ݐ௥௦ െ ௦ܶ ൑ ሺͳ െ ܺ௥௦௥௦ሻࣧǡ ݎǡ ݏ א ܰ (12a) 
௥ܶ ൅ ݀௥ ൅ ݐ௥௪ െ ௪ܶ௥௦ ൑ ሺͳ െ ܺ௥௪௥௦ ሻࣧǡ ݎ א ܰǡ ݏ א ሼܦǡܰሽǡ ݓ א Ȧ (12b) 
௨ܶ
௥௦ ൅ ݀௨ ൅ ݐ௨௦ െ ௦ܶ ൑ ሺͳ െ ܺ௨௦௥௦ሻࣧǡ ݎ א ሼܰǡ ܱሽǡ ݏ א ܰǡ ݑ א Ȧ (12c) 
௨ܶ
௥௦ ൅ ݀௨ ൅ ݐ௨௪ െ ௪ܶ௥௦ ൑ ሺͳ െ ܺ௨௪௥௦ ሻࣧǡ ݑǡ ݓ א Ȧǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܦǡܰሽ (12d) 
ைܶ ൅ ݐை௦ െ ௦ܶ ൑ ሺͳ െ ܺை௦ை௦ሻࣧǡ ݏ א ܰ (12e) 
௥ܶ ൅ ݐ௥஽ െ ஽ܶ ൑ ሺͳ െ ܺ௥஽௥஽ሻࣧǡ ݎ א ܰ (12f) 
ைܶ ൅ ݐை௪ െ ௪ܶை௦ ൑ ሺͳ െ ܺை௪ை௦ ሻࣧǡ ݓ א Ȧǡ  א ܰ (12g) 
௨ܶ
௥஽ ൅ ݐ௨஽ െ ஽ܶ ൑ ሺͳ െ ܺ௨஽௥஽ሻࣧǡ ݑ א Ȧǡ  א ܰ (12h) 
௥ܶ ൒ ܽ௥ǡ ݎ א ܰା (13a) 
௥ܶ ൑ ܾ௥ǡ ݎ א ܰା (13b) 
௨ܶ
௥௦ ൒ ܽ௨ǡ ݑ א Ȧǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ (13c) 
௨ܶ
௥௦ ൑ ܾ௨ǡ ݑ א Ȧǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ (13d) 
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ܳ௨௥௦ି ൑ ࣧ ෍ ܺ௨௪௥௦
௪אሼ௦אேశǡஃሽ
ǡ ݑ א Ȧǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ  (14a) 
௨ܶ
௥௦ ൑ ࣧ ෍ ܺ௨௪௥௦
௪אሼ௦ǡஃሽ
ǡ ݑ א Ȧǡ ݎ א ሼܱǡܰሽǡ ݏ א ሼܰǡ ܦሽ  (14b) 
ܺ௨௪௥௦ א ሼͲǡͳሽ (15a) 
௨ܶǡ ௨ܶ௥௦ǡ ைܶǡ ஽ܶǡ ௨ܲ௘ǡ ௨ܲ௟ǡ ܳ௨௥௦ାǡ ܳ௨௥௦ି ൒ Ͳ (15b) 
 
The objectives in Eq (3a) – (3f) reflect different objectives, and include a new parking cost minimization objective 
(3c) made possible with this model. Objective (3d) is used to capture mode preferences; it can be substituted by an 
estimated mode choice model utility function, or simply calibrated as a mode-specific constant to reflect the mode 
shares and choices observed.  
 The constraints appear similar to the original HAPP model, but there are some changes particularly in 
designation of nodes to which the constraints apply, due to the use of activity nodes (which are pickup or delivery) 
and transport nodes. The flow conservation constraints (Eq (4) – (6), (8)) generally apply to all nodes. Constraint (7) 
requires that a visit to a parking node always requires a second visit for picking up and dropping off a vehicle. This 
condition also allows parking durations to be obtained with Eq (11). Eq (9) is the goal arrival constraint, Eq (10) sets 
the arrival to delivery nodes to always be after pickup, and Eq (12) ensures that arrival times are connected in 
relation to routes chosen to eliminate sub-tours and update arrival times. The remaining constraints are optional time 
window constraints and conditional constraints (Eq (14)) to keep the arrival time and parking time values to zero if 
not visited. 
The parameter ܿ௨௪ reflects fares for transit mode, and fuel or tolls for driving if modeled. The parameter ݐ௨௪ 
depends on in-vehicle travel time. The default setting is designed for frequency-based, fixed schedule transit 
services; average wait time at a station is captured using the activity duration parameter. A schedule-based approach 
can also be done by using hard time windows for the transit stations and allowing them to be selective with zero 
utility (much like the fueling station constraints described in Chow and Liu, 2012), and replicating the same station 
multiple times when it is scheduled to arrive. In practice, it might be computationally costly to replicate all the 
scheduled lines at a station, for every station. However, a mixed approach can also be adopted, where a few key 
scheduled lines during peak periods are considered for select stations, while average wait times are adopted for the 
other stations.  
The model is a complex integer programming problem that is derived from problems known to be NP-hard 
(Solomon and Desrosiers, 1988; Recker, 1995). As such, this model is not meant to comprehensively model a whole 
city or large scale region. Instead, the model is designed to provide user scheduling behavior to evaluate operational 
policies in small networks with greater behavioral depth, such as first/last mile problems like designing access 
infrastructure and operations for residences near a transit station, or a stylized evaluation of activity-based policies 
from suburbs to a central business district (like the morning commute models or monocentric city models in the 
literature).  
3.3. Market equilibrium under constrained mixed logit model 
The mHAPP models for individuals drawn from a sample ܵ ؿ ܲ do not consider interaction under a capacitated 
transport system. Consider a load capacity, which we define as a maximum occupancy or jam density for a link or 
node facility. Note that in the current model, we do not consider traffic flow characteristics, i.e. speed (and hence, 
travel time) is constant up until the capacity and does not change with occupancy level. This may be considered in 
future research. Note also that this is not flow capacity, which is related to the rate of travelers passing a point in 
space per unit time. The load capacity is chosen because it can theoretically be applied to both spatial facilities like 
road links as well as non-spatial queueing facilities like parking structures, shared-vehicle or shared-bike facilities, 
or transit station platforms.  
If we add load capacity effects of modes ݒ א ܸ for one link, ሼሺݑǡ ݓሻǣ ݑǡ ݓ א Ȧ௩ሽ, we have capacity ݕ௨௪  that 
cannot be exceeded by the population sum of schedule choices at any time. We don’t know the population choice 
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for a link ሺǡሻ, but we can assume there exists some operator Ե୳୵ such that it forecasts the population level 
demand for the link based on sample schedule choices ܥ . Then the capacity constraints of link ሺݑǡ ݓሻ  at the 
population level are represented by: 
 
Ե௨௪ሺܥሻ ൑ ݕ௨௪ (16) 
 
Let us further assume that the market equilibrium for that system is distributed by the operator Եሺܥሻ from which 
Ե௨௪ሺܥሻ is an element.  
 
Definition 1. The market equilibrium for a multimodal transport system is a constrained mixed logit model of 
itinerary choice for the population, Եሺܥሻ, where the choice set for each individual ݅, ܥ௜, is a subset of a finite choice 
set ܥ, ܥ௜ ك ܥ, and Ե௨௪ሺܥሻ ൑ ݕ௨௪ is satisfied for all capacitated links in the system. 
 
In one form of the mixed logit model (see Hensher and Greene, 2003), the utility is defined as: 
 
௝ܼ௜ ൌ ߚ௝Ԣ݆ܺ݅ ൅ ߝ௝௜ (17) 
 
where ௝ܼ௜ is the utility for alternative ݆ by observation ݅, ߚ௝ is a normally distributed random attribute coefficient 
vector, ௝ܺ௜ is an attribute vector for alternative ݆ and observation ݅, and ߝ௝௜ is an unobservable noise that belongs to a 
Gumbel distribution ߝ௝. A solution method may involve ȁܴȁ random draws of ߚ෨௝௥ from ߚ௝ǡ ݎ א ܴǡ and computing the 
standard multinomial logit probabilities from each fixed draw, ܲݎ൫݆หߚ௝௥ǡ ௝ܺ௜൯ ൌ
௘௫௣ቀ௓ೕ೔൫ఉ෩ೕೝǡ௑ೕ೔൯ቁ
σ ௘௫௣ቀ௓ೖ೔൫ఉ෩ೕೝǡ௑ೕ೔൯ቁೖ
, then aggregating 
them to get the simulated probability for an alternative: ܲݎ൫݆หߚ௝ǡ ௝ܺ௜൯ ൌ
ଵ
ȁோȁ
σ ܲݎ൫݆หߚ෨௝௥ǡ ௝ܺ௜൯௥ . 
Martínez et al. (2009) showed that the constrained multinomial logit model, which is the special case of the 
mixed logit model, can be represented as a sum of the systematic utility from the unconstrained case plus a nonlinear 
utility penalty that needs to be solved as a fixed point problem. We will show an equivalent form using Lagrangian 
relaxation to move the capacity constraint into the objective of the mHAPP model, and solve it using the MSA fixed 
point algorithm. 
 Suppose we have only alternative-specific attributes ௝ܺ , and each individual ݅  probabilistically chooses a 
schedule ݆ such that multiple choices may be considered from a set ܥ௜, where ݌௜௝ ൌ ܲݎ൫݆หߚ௝௜ǡ ௝ܺ൯ is the probability 
of individual ݅ choosing schedule ݆, Ͳ ൑ ݌௜௝ ൑ ͳ, and σ ݌௜௝௝א஼ ൌ ͳ. Each schedule ݆ belongs to a finite choice set 
ܥ௜ ك ܥ. To obtain the expression for Ե௨௪ሺܥሻ under this setting, consider Lemma 1. 
 
Lemma 1. The population-aggregated demand for a link ሺݑǡ ݓሻ under a mixed logit model without user-specific 
attributes is: 

Ե௨௪ሺܥሻ ൌ ఝೌǡఝ್
ȁܲȁ
ȁܴȁ
෍෍ߜ௨௪௝ሺ߮௔ǡ ߮௕ሻ ൫݆หߚ෨௝௜ǡ ݆ܺ൯
௝א஼௜אோ
 (18) 

where ߜ௨௪௝ሺ߮௔ǡ ߮௕ሻ ൌ ͳ if schedule choice ݆ א ܥ includes link ሺݑǡ ݓሻ within time rangeሾ߮௔ǡ ߮௕ሿ, and 0 otherwise. 
 
Proof. For comparison against a capacity, the maximum load over a link is chosen. Since the load is dynamic, the 
choice is the time߮ where the load is maximized. This is represented by the following expression for a mixed logit 
model with only alternative-specific attributes: 
 

ఝೌǡఝ್
ȁܲȁ෍ߜ௨௪௝ሺ߮௔ǡ ߮௕ሻ ܲݎ൫݆หߚ௝ǡ ௝ܺ൯
௝א஼
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where ܲݎ൫݆หߚ௝ǡ ௝ܺ൯ is the probability of choosing alternative ݆ with schedule ௝ܺ and ߜ௨௪௝ሺ߮௔ǡ ߮௕ሻ is the indicator 
for whether schedule ௝ܺ travels through link ሺݑǡ ݓሻ at time range ሾ߮௔ǡ ߮௕ሿ. The schedule ௝ܺ is strictly alternative-
specific; individuals may have access to this alternative in their choice set, but the routes determined by ௝ܺ are not 
dependent on the individual. The probability is equal to the average of ȁܴȁ randomly simulated draws, 
ܲݎ൫݆หߚ௝ǡ ௝ܺ൯ ൌ
ଵ
ȁோȁ
σ ܲݎ൫݆หߚ෨௝௥ǡ ௝ܺ൯௥ . Combining the terms leads to Eq (18). 
 
Definition 2. The indicator function is dependent on the time range ሾ߮௔ǡ ߮௕ሿ of maximum load or occupancy, and 
is derived by constructing cumulative arrival and departure profiles for the facility, where the arrival of itinerary ݆ 
occurs at ௨ܶ௝ (see for example the discussion of cumulative arrival curves in dynamic network models by Tong and 
Wong, 2000). Departure occurs at time ௨ܶ௝ ൅ ݐ௨௪ . Based on the time range of maximum load, the indicator 
ߜ௨௪௝ሺ߮௔כǡ ߮௕כሻ is equal to 1 if schedule  has ௨ܶ௝ ൅ ݐ௨௪ ൏ ߮௕כ  and ௨ܶ௝ ൐ ߮௔כ . 
3.4. Proposed algorithm 
Since the market equilibrium is defined by a mixed logit model with alternative-specific attributes, the challenge 
is to efficiently determine the appropriate choice set of schedules from which to distribute the flows. Schedule 
choices can be prohibitively large to near infinite because of the presence of continuous time variables. Instead of 
explicitly enumerating every schedule, we borrow the idea of implicit enumeration from path-based algorithms of 
the capacitated multicommodity flow problem (Ahuja et al., 1993; Gendron et al., 1999). In those problems, the 
shortest path algorithm is used to iteratively generate the path choice set. Analogously, if mHAPP outputs represent 
schedule choices for the mixed logit model of traveler schedule choice, then we can use mHAPP to generate the 
schedule choice set in a similar column generation fashion. 
 
Lemma 2. The calibrated mHAPP outputs of a sample ܵ ؿ ܲ are equivalent to randomly drawn samples of a mixed 
logit model of traveler schedule choice with only alternative-specific attributes. 
 
Proof. The calibrated mHAPP outputs of a sample set ܵ  result in heterogeneous objective weights ߚ௝௜ǡ ݅ א ܵǡ 
corresponding to the objectives in Eq (2) for individual ݅. For ȁܵȁ ൐ ͵Ͳ, we can assume ߚ௝ are normally distributed. 
As such, they fit the same random coefficient utility function structure shown in Eq (17) without the random noise ߝ௝௜. 
The spatial temporal constraints can be dualized as Lagrangian terms in the objective, which correspond to the 
nonlinear utility penalty shown in Martínez et al. (2009). As a result, the mHAPP samples are the random draws of 
the random coefficients in the constrained mixed logit model, i.e. ܵ ൌ ܴ.  
 
In the proposed column generation approach, the capacitated problem is the sum of all the individual mHAPP 
models, σ ࣢௜௜ ǣԵ௨௪ሺܥሻ ൑ ݕ௨௪ǡ ׊ݑǡݓ. The capacity constraints are dualized and the problem is decomposed 
into a master problem with subproblems. The Lagrangian master problem with the constant terms removed is shown 
in Eq (19). 
 

ఒೠೢ
൭෍෍ߣ௨௪ሺԵ௨௪ሺܥᇱሻ െ ݕ௨௪ሻ
௪௨
൱ (19) 
 
where ݕ௨௪ is a capacity variable for connection ሺݑǡ ݓሻ, and ߣ௨௪ ൒ Ͳ is the corresponding dual price such that the 
following complementarity condition exists: ߣ௨௪ ൐ ͲԵ௨௪ሺܥԢሻ െ ݕ௨௪ ൐ Ͳ, and ߣ௨௪ ൌ ͲԵ௨௪ሺܥԢሻ െ ݕ௨௪ ൑ Ͳ. 
The optimal dual price corresponding to the capacity of link ሺݑǡ ݓሻ for a given allocation ൛ݔ௜
௝כൟ can be obtained 
using standard methods; for the examples in this study, we consider a single capacity constraint and can obtain the 
dual price by iteratively increasing the value until Eq (19) is maximized. The optimal ߣ௨௪௞  obtained in iteration ݇ 
updates the choice set with ࣢௜ሺߣ௨௪௞ ሻ. 
 
Lemma 3. The reduced cost for a link ሺݑǡ ݓሻ corresponding to Lagrangian multiplier ߣ௨௪ of a sample set ܵ from a 
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population ܲ  is ܿ௨௪ᇱ ܺ௨௪ ൌ ܿ௨௪ܺ௨௪ ൅ ߣ௨௪ ௨ܻ௪௖ , which is applied to each schedule ݆  where ߜ௨௪௝ሺ߮௔כǡ ߮௕כሻ ൌ ͳ  and 
additional constraints are added to ࣢௜: 
 
௨ܶ
௥௦ ൑ ߮௔כ െ ܿ௨௪ ൅ࣧ ௨ܻ௪௔ ൅ ሺͳ െ ܺ௨௪௥௦ ሻࣧǡ ׊ݎݏǡ ݑݓ (20a) 
௨ܶ
௥௦ ൅ ሺͳ െ ܺ௨௪௥௦ ሻࣧ ൒ ߮௕כ െࣧ ௨ܻ௪௕ ǡ ׊ݎݏǡ ݑݓ (20b) 
௨ܻ௪
௖ ൅ ͳ ൒ ௨ܻ௪௔ ൅ ௨ܻ௪௕ ǡ ׊ݑݓ (20c) 
 
Proof. The reduced cost is the effective cost of a link that includes the dualized cost due to the binding capacity 
constraint: 
 
ܿ௨௪ᇱ ܺ௨௪ ൌ ሺܿ௨௪ ൅ ߣ௨௪ ௨ܻ௪௖ ሻܺ௨௪ 
 
This expression is nonlinear. We convert this expression into an equivalent linear expression: 
 
ܿ௨௪ᇱ ܺ௨௪ ൌ ܿ௨௪ܺ௨௪ ൅ ߣ௨௪ ௨ܻ௪௖ ܺ௨௪ 
 
ൌ ܿ௨௪ܺ௨௪ ൅ ߣ௨௪ ௨ܻ௪௖ ǡ ௨ܻ௪௖ ൌ Ͳߣ௨௪ܺ௨௪ ൌ Ͳ ௨ܻ௪௖ ൌ ͳߣ௨௪ܺ௨௪ ൌ ͳ 
 
 A set of constraints are introduced to impose the condition stated for the linearized objective. We create dummy 
variables to ensure the reduced cost is only applied to a schedule that makes use of link ሺݑǡ ݓሻ over time interval  
ሾ߮௔כǡ ߮௕כሿ. One dummy binary variable, ௨ܻ௪௔ , is set to 1 only if ௨ܶ starts after the start of the time interval ሾ߮௔כǡ ߮௕כሿ 
under which the link would be traversed. The other dummy binary variable, ௨ܻ௪௕ , is set to 1 only if ௨ܶ starts before 
the end of the time interval. ௨ܻ௪௖  is the indicator variable for whether the reduced cost is invoked, and it is set to 1 
only if both other dummy variables are set to 1. The three conditions result in Eq (20). 
 
We maintain a restricted set of schedules ܥԢ, and add new schedules to the set as needed. Furthermore, each 
restricted set is mutually exclusive to a sampled individual, so ܥᇱ ൌ ܥଵᇱ ׫ ǥ׫ ܥ௜ᇱ ׫ ǥ׫ ܥȁௌȁ
ᇱ . An additional issue is 
that the time interval in which the capacity constraint is imposed is subject to change from iteration to iteration. A 
Method of Successive Averages is used to smooth the iterative convergence to provide stability without solutions 
flip-flopping. As a result, the algorithm does not necessarily stop when new schedules are not added (which is the 
case for static capacitated multicommodity flow problem when there are no new shortest paths generated based on 
the reduced costs). Instead, because of the dynamic property of the link load capacity, the convergence is based on 
MSA stopping criteria, such as stability in the last three iterations. This is summarized in Algorithm 1. 
 
Algorithm 1. Column generation-based MSA for mixed logit market equilibrium using mHAPP choice set 
generation 
1. Initialize with ݇ ൌ ͳ, ܥ௜ǡ௞ᇱ ൌ ௝ܺ௞ ൌ ࣢௜ሺߣ௨௪ ൌ Ͳሻ׊݅ א ܵ. 
2. Update the time range ൣ߮௔ǡ௨௪௞ ǡ ߮௕ǡ௨௪௞ ൧ in which capacity is a binding constraint for each link, as discussed under 
Lemma 1. 
3. Determine optimal ߣ௨௪௞  for each link with capacity and the time range ൣ߮௔ǡ௨௪௞ ǡ ߮௕ǡ௨௪௞ ൧ from Eq (19). For a single 
link, a simple line search will suffice. 
4. Let ௝ܺ௞ ൌ ࣢௜ሺߣ௨௪௞ ሻ׊݅ א ܵ. If ௝ܺ௞ ב ܥ௜ǡ௞ᇱ , let ܥ௜ǡ௞ାଵᇱ ؔ ܥ௜ǡ௞ᇱ ׫ ௝ܺ௞. 
5. Determine the auxiliary primal population flows ߞ௝௜. 
a. Identify all schedules impacted by the updated time range of binding capacity, ߜ௨௪௝൫߮௔௞ǡ ߮௕௞൯. 
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b. Fit the flows of the impacted schedules of individuals such that the total flow is equal or less than the 
link capacities, using the mixed logit distribution with the base (not reduced cost) utilities of each 
schedule, ܲݎ൫݆หߚ௝ǡ ௝ܺ௞൯ ൌ
௘௫௣൬௓ೕ೔ቀఉೕǡ௑ೕ
ೖቁ൰
σ ௘௫௣൬௓೗೔ቀఉೕǡ௑ೕ
ೖቁ൰೗א಴೔ǡೖ
ᇲ
 
c. Fit the remaining flows according to the mixed logit distribution among the remaining schedules not 
impacted by the capacity effect, if any. 
6. MSA: let ௝݂௜௞ାଵ ൌ
ଵ
௞ାଵ
ߞ௝௜ ൅
௞
௞ାଵ ௝݂௜
௞. 
7. If MSA stopping criteria reached, stop, else let ݇ ൌ ݇ ൅ ͳ and go to step 2.  
 
Proposition 1. The solution to Algorithm 1, if it exists, is consistent with a constrained mixed logit model with 
alternative-specific attributes, and unique in the total link loads Ե௨௪ሺܥሻ and corresponding dual prices.  
 
Proof. A solution is not guaranteed, since this is a capacitated problem with fixed demand. In cases where it exists, 
the Lagrangian relaxation and column generation is guaranteed to converge to a unique set of dual prices (Ahuja et 
al., 1993). The MSA guarantees uniqueness in the time range of the dual price and ensures convergence to the fixed 
point of the constrained mixed logit model, shown to exist by Martínez et al. (2009). The choice set of schedules is 
dependent on the dual prices and time range, so if the latter variables are unique then the former will reach a 
unique set as well. A unique set of primal variables for the given dual prices is not guaranteed; however, the use of 
the mixed logit distribution model to assign the primal flow variables leads to a solution that is consistent with that 
theory.  
4. Model and algorithm illustration 
4.1. Parameters and problem setting 
The mHAPP model and the market equilibrium are illustrated with an example in Section 4. A population of 
1000 people is placed in a network shown in Figure 2. The population is assumed to share the same home zone  
(node 0, 5) (for convenience of analysis in this example), and to work in a CBD zone 1 (drop-off at node 3 at home), 
with a secondary shopping activity at zone 2 (drop-off at node 4 at home). Four transport nodes are present: node 6 
and node 7 are parking facilities while node 8 and node 9 are transit stations.  
The activity characteristics are summarized in Table 1, where time is in minutes relative to midnight. Although 
it’s possible for different individuals to have different goal arrival times in mHAPP, we assume they share the same 
values in this example. 
 
 
 
Fig. 2. Illustration network (blue lines – walking, red lines – driving, green line – transit). 
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Table 1. Activity data for illustration network 
Activity node Duration (min) Time to open (min) Time to close (min) Early arrival penalty Late arrival penalty 
1 480 360 720 0.4 2.4 
2 30 600 1230 0 0 
 
 
Table 2. Link data for illustration network 
Link ID r s u w cost time Link ID r s u w cost time
1 0 1 0 1 0 500 28 1 3 1 6 0 7 
2 0 2 0 2 0 200 29 1 3 6 3 7.2 45 
3 1 2 1 2 0 350 30 1 3 1 9 0 12 
4 1 3 1 3 0 500 31 1 3 9 8 3 50 
5 1 4 1 4 0 500 32 1 3 8 3 0 6 
6 2 1 2 1 0 350 33 1 4 1 6 0 7 
7 2 3 2 3 0 200 34 1 4 6 4 7.2 45 
8 2 4 2 4 0 200 35 1 4 1 9 0 12 
9 3 2 3 2 0 200 36 1 4 9 8 3 50 
10 3 4 3 4 0 0 37 1 4 8 4 0 6 
11 3 5 3 5 0 0 38 2 1 2 7 0 5 
12 4 1 4 1 0 500 39 2 1 7 6 4.8 30 
13 4 3 4 3 0 0 40 2 1 6 1 0 7 
14 4 5 4 5 0 0 41 2 1 2 8 0 10 
15 0 1 0 6 7.2 45 42 2 1 8 9 3 50 
16 0 1 6 1 0 7 43 2 1 9 1 0 12 
17 0 1 0 8 0 6 44 2 3 2 7 0 5 
18 0 1 8 9 3 50 45 2 3 7 3 3.2 20 
19 0 1 9 1 0 12 46 2 4 2 7 0 5 
20 0 2 0 7 3.2 20 47 2 4 7 4 3.2 20 
21 0 2 7 2 0 5 48 3 2 3 7 3.2 20 
22 1 2 1 6 0 7 49 3 2 7 2 0 5 
23 1 2 6 7 4.8 30 50 4 1 4 6 7.2 45 
24 1 2 7 2 0 5 51 4 1 6 1 0 7 
25 1 2 1 9 0 12 52 4 1 4 8 0 6 
26 1 2 9 8 3 50 53 4 1 8 9 3 50 
27 1 2 8 2 0 10 54 4 1 9 1 0 12 
The link data is summarized in Table 2, and organized as: {link ID, OD origin (r), OD destination (s), link source (u), 
link sink (w), cost of travel on the link, travel time}. Transit headways are set at 10 minutes; parking facilities 
charge $0.01 per minute with a fixed cost of $4. There are three sampled individuals: class 1 represents 250 people, 
with objective coefficients ߚ ൌ ሼ͵ǡͳǡ͵ǡͲǡͲǡͲǤͺǡͲǤʹሽ  for the objectives in Eq (3) (3d has 2 objectives, first is 
automobile mode and second is for transit; both are set to zero). Goal arrival time to activity 1 is 540 min, and to 
activity 2 is 720 min. Class 2, representing another 250 people, has the same objective coefficients as class 1, but 
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needs to get to activity 1 at 510 min. Class 3 represents 500 people and is identical to class 1, except for ߚ௧௥௔௡௦௜௧ ൌ
ʹͲͲ. The objective coefficients related to travel time and cost imply a value of time of $0.33/min ($20/hr). 
4.2. Solution for a single individual 
To evaluate the standalone mHAPP model formulation, a commercial integer programming solver (CPLEX) is used 
to solve Eq (2) – (15) in this example for class 1. The solution route sequence is 0 – 6 – 1 – 6 – 7 – 2 – 7 – 3 – 4 – 5, 
with arrival times (converted to clock time) of 8:08AM depart from home by car, 8:53AM arrive at parking facility 
at node 6, leave the car, walk and arrive at work at 9:00AM, stay until 5:00PM, walk back to parking facility at node 
6 at 5:07PM, pay the parking fee of $4 (fixed) + $4.94 ($0.01/min) = $8.94, drive to parking facility at node 7 at 
5:37PM, walk to activity 2 at 5:42PM, stay until 6:12PM, walk back to parking facility at node 7, pay the parking 
fee of $4.40, depart for home at 6:17PM, and return home by 6:37PM to unload from both activities 1 and 2.  
Obviously, this is a simplified example, but even from this scenario it is clear that it is sensitive to a number of 
multimodal transport system design variables. These include the effect of variable parking pricing to mode choice 
for travel to one or both activities (for example, it might be high enough that the traveler might choose to drive back 
home from activity 1, and then simply walk over to the activity 2). Alternatively, we can compute the amount of 
increase needed for travel times and travel costs on the drive mode to switch this traveler class over to another mode.  
4.3. Market equilibrium for a population 
In the market equilibrium, consider a load capacity of 200 vehicles on the link from zone 0 to node 6 parking facility 
(link 15 in Table 2). In the uncapacitated scenario, both class 1 and class 2 would assign travelers onto that link 15 at 
some point in time during the day. The maximum dynamic load of 500 vehicles occurs between 8:08AM to 8:23AM. 
This clearly violates the capacity constraint. 
Algorithm 1 is run on the 3 classes resulting in the schedule paths and flows for each of the classes shown in 
Table 3. The algorithm was allowed to run to 500 iterations, but converged to a fixed point after 79 iterations. The 
convergence of the algorithm is shown in Figure 3. Note that the algorithm starts from purely relaxed capacity 
constraint and iteratively improves upon the dual variables to tighten the lower bound, resulting in what appears to 
be a maximization procedure.  
 
Table 3. Market equilibrium schedules and flows  
Class Schedule Route Arrival Times (min) Flows 
1 1 (initial) 0 – 6 – 1 – 6 – 7 – 2 – 7 – 4 – 3 – 5 488 – 533 – 540 – 1027 – 1057 – 1062 – 1097 – 1117  102.137 
 2 0 – 6 – 1 – 6 – 7 – 2 – 7 – 4 – 3 – 5 413 – 533 – 540 – 1027 – 1057 – 1062 – 1097 – 1117  34.199 
 3 0 – 6 – 1 – 6 – 7 – 2 – 7 – 3 – 4 – 5 443 – 533 – 540 – 1027 – 1057 – 1062 – 1097 – 1117 32.300 
 4 0 – 8 – 9 – 1 – 9 – 8 – 3 – 7 – 2 – 7 – 4 – 5  
462 – 468 – 523 – 540 – 1032 – 1087 – 1098 – 1118 – 
1123 – 1158 – 1178  66.484 
 5 0 – 6 – 1 – 6 – 7 – 2 – 7 – 3 – 4 – 5 368 – 533 – 540 – 1027 – 1057 – 1062 – 1097 – 1117 14.880 
2 1 (initial) 0 – 6 – 1 – 6 – 7 – 2 – 7 – 4 – 3 – 5 458 – 503 – 510 – 997 – 1027 – 1032 – 1067 – 1087  97.803 
 2 0 – 6 – 1 – 6 – 7 – 2 – 7 – 3 – 4 – 5 413 – 503 – 510 – 997 – 1027 – 1032 – 1067 – 1087 66.494 
 3 0 – 6 – 1 – 6 – 7 – 2 – 7 – 3 – 4 – 5 368 – 503 – 510 – 997 – 1027 – 1032 – 1067 – 1087 66.463 
 4 0 – 6 – 1 – 6 – 7 – 2 – 7 – 3 – 4 – 5 443 – 503 – 510 – 997 – 1027 – 1032 – 1067 – 1087 19.239 
3 1 (initial) 0 – 8 – 9 – 1 – 9 – 8 – 3 – 7 – 2 – 7 – 4 – 5  462 – 468 – 523 – 540 – 1032 – 1087 – 1098 – 1118 – 1123 – 1158 – 1178   500 
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Fig. 3. Convergence of Algorithm 1 from capacity relaxed lower bound to market equilibrium. 
 
First, the presence of the 200 vehicle load capacity serves to redistribute the travel times of the population in this 
example; no one switches mode, not even for one of the two activities. The class 3 travelers make use of transit to go 
to work at activity 1 and then return home before taking the car to activity 2. Due to the presence of the capacity, the 
total disutility of the market equilibrium increased from 671,010 to 675,455. The effects of multimodal transport 
system changes can be measured across the population, and the effects will vary across the population due to the 
disaggregate approach of assigning schedules. 
Second, the distribution of departure times shown in Figure 4 provides similar effects as the morning commute 
model. Like Li et al. (2014) demonstrated for the activity equilibrium model of Lam and Yin (2001), the market 
equilibrium model of the mHAPP is capable of representing the bottleneck scenario as a special case. In fact, this 
equilibrium is sensitive to mode shift, as 66 members of class 1 switched to transit to avoid the capacitated road link. 
The result may not appear smooth, but it is from only 2 sampled observations of scheduling behavior. 
The “jumpy” cumulative flows phenomenon observed in Figure 4 is a combination of there being different 
arrival times for different travelers combined with the use of a fixed capacity without traffic flow density 
dependencies. Travel time remains constant up until the load capacity, at which no more may enter for that time. If 
there were traffic flow dependencies, then the link entry choice would vary more incrementally as travelers would 
be discouraged to arrive on time due to heavier congestion, and spread out solely on marginally added density and 
reduced speed. In our case, this marginal effect takes place only at the capacity, so it’s either full or not. If it’s full, 
people would avoid it by arriving early enough to depart before it gets full, or arriving after it clears, or switching to 
 
                       (a)                                                                                                          (b) 
Fig. 4. Cumulative diagram of arrivals and departures on link 15 of Table 2, (a) without capacity effect, and (b) with capacity effect. 
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another mode or route. This is an interesting phenomenon that will require further study, perhaps along the direction 
of incorporating traffic flow dependencies which may smooth out the cumulative flows without requiring 
heterogeneous preferred arrival times. 
5. Case study: Oakville Go Train Transit Hub in Greater Toronto Area 
5.1. Data preparation 
To evaluate the applicability of the model for systems analysis in a real world setting, we implement the market 
equilibrium for a real last mile transit problem in the Greater Toronto Area (GTA), as shown in Figure 5. 
The scope of the study is on residents of the town of Oakville in the Regional Municipality of Halton who 
commute to activities (shown in Figure 5) by taking Go Transit out of the Oakville station (in zone 4014 circled in 
Figure 5). The goal of our study is to construct a “last mile” model that examines the effects of transit access options 
on the activity schedules of people who take Go Transit, whether it’s to drive and park in a park-and-ride facility, 
take a local bus, or walk there, or to change departure time. Household travel survey data from the 2011 TTS (DMG, 
2014) was used to determine the existing schedules of travelers living in the municipality that used Go Transit. To 
further focus the study, we examine only individuals with a single activity in their reported travel diaries to draw 
conclusions about certain schedule effects like departure time choice with minimal noise. We have 166 observations 
from the TTS which expand to a population of 3680 people with a transit access mode split of 24.5% walking, 
54.8% driving with parking, and 20.7% by transit. Without any additional parking capacity, the population demand 
for park and ride is 2,016. 
 
 
Fig. 5. Oakville station study area within the GTA. 
 
19 Joseph Y.J. Chow and Shadi Djavadian /  Transportation Research Procedia  7 ( 2015 )  2 – 23 
 For the objective coefficients of each of the 166 observations, we assume for this study that they share the same 
coefficients except for transit mode share preferences: ߚ ൌ ሼ͵ǡͳǡ͵ǡ ߚ௖௔௥ǡ ߚ௧௥௔௡௦௜௧ǡ ͲǤͺǡͲǤʹሽ, arrival penalties of 0.4 
(early) and 2.4 (late), and goal arrivals that are the same as observed arrivals. These values reflect a combination of 
results calibrated from individuals in Southern California (see Kang et al., 2013) and a value of time of $20/hr, 
which we believe are reasonable.  
We keep heterogeneous coefficients for mode preference as that is the parameter of interest in this model. Each 
individual’s ߚ௖௔௥ǡ௜ and ߚ௧௥௔௡௦௜௧ǡ௜ was iteratively reduced (10 units at a time) until the observed mode choice became 
the output of the unconstrained mHAPP, resulting in the following distribution of the parameters over the 166 
observations: ߚҧ௖௔௥ ൌ െ͹ʹǤͳ͸ͻ, ߪ௖௔௥ ൌ ͻͳǤ͵͵͸, ߚҧ௧௥௔௡௦௜௧ ൌ െʹͺǤ͸ͳͶ, and ߪ௧௥௔௡௦௜௧ ൌ ͸ͳǤ͸ͷ͵. More complex activity 
routing considerations would require more systematic calibration, using the method from Chow and Recker (2012) 
for example. 
A macroscopic view of the network is considered; a common link is used for all households in the sample set to 
access the park-and-ride facility, as shown in Table 4. Node 0 is the set of residences in Oakville, node 1 is the Go 
Transit train station (and serves as the gateway node for all the activities at the downtown via the train), node 2 is 
completion for node 1, node 3 is return home, node 4 is the parking lot near the train station, node 5 and 6 are access 
bus stops. A capacity on this link can be interpreted as the load capacity from a macroscopic fundamental diagram 
perspective – that the cumulative inflow minus outflow at any time cannot exceed that capacity.  
 
Table 4. Activity network parameters for Oakville case study 
Link ID r s u w linkmode cost ($) time (min)
1 0 1 0 1 walk 0 78.040 
2 0 1 0 4 drive 0 7.936 
3 0 1 4 1 walk 0 1 
4 0 1 0 5 walk 0 1.034e-4 
5 0 1 5 6 transit 3 7.876 
6 0 1 6 1 walk 0 1 
7 1 2 1 2 walk 0 78.040 
8 1 2 1 4 walk 0 1 
9 1 2 4 2 drive 0 7.936 
10 1 2 1 6 walk 0 1 
11 1 2 6 5 transit 3 7.876 
12 1 2 5 0 walk 0 1.034e-4 
13 2 3 2 3 walk 0 0 
5.2. Results 
Two scenarios are investigated. The first is to relate the driving capacity on the road network to an equivalent 
reduction in parking demand at the transit station. We solve the market equilibrium assuming a load capacity of 200 
vehicles on the road network accessing the park-and-ride station. The algorithm ran up to 32 iterations before 
converging, with a total run time of 8.6 minutes running on Matlab R2014b with CPLEX on a 64-bit Intel Core i7 
CPU with 16 GB RAM and Windows 7 operating system. The solution load profile of access road network is shown 
in Figure 6. 
We show the difference between uncapacitated and capacitated conditions of the parking occupancies in Figure 
7. Capacities of 300 vehicles or higher had no effect on the parking. The model suggests that an effective congestion 
threshold of 200 vehicle capacity on the access network is equivalent to reducing the maximum parking demand 
from ~ 2000 to ~ 1800. As the heterogeneity increases across the population from the simple example to this case 
study, the difference in smoothness from Figure 4 to Figure 7 suggests that the cumulative arrivals smooth out. 
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Fig. 6. Equilibrium load profile on park-and-ride access network with 200 load capacity. 
 
 
Fig. 7. Parking cumulative diagrams to illustrate relationship between parking capacity and road capacity. 
 
 A second analysis is to examine the effects of charging a fixed parking fee for using the facility. Currently the 
parking facility at Oakville Go Transit station is near capacity and policymakers are considering alternative 
operational strategies as a last mile solution (Alshalalfah and Shalaby, 2012; CBC, 2013). One strategy is to price 
the parking facilities. The market equilibrium model forecasts the following effects on incremental increases to the 
parking fee for these single-activity individuals shown in Figure 8. The effects may likely differ when considering 
other individuals and households with more activities scheduled. 
This analysis suggests that increasing the parking will not change anybody to/from walking mode, and charges 
greater than $5 are needed to have any effect on mode split on these single-activity individuals. A $5 fee would 
incur a 5.6% increase in population disutility and no mode shift, while a $10 fee would lead to a reduction of auto 
share from 54.8% to 49.5%, an increase in transit from 20.7% to 25.9%, and a disutility increase of 11% for the 
population. 
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Fig. 8. Sensitivity of mode shares and population disutility to increases in fixed fee at Oakville park-and-ride facility. 
  
6. Conclusion 
Demand for multimodal transportation systems is on the rise, and understanding the market equilibrium requires 
an understanding of the effects of system designs on traveler activity schedules. We propose the first analytical 
equilibrium model for multimodal systems that is sensitive to individual traveler activity schedules, using a 
significant revision of the original HAPP disaggregate schedule assignment model to account for multimodal 
choices and market equilibrium under load capacity. The proposed market equilibrium under capacitated conditions 
is designed to be consistent with random utility theory of schedule choice. As a disaggregate equilibrium model, it is 
possible to assess the effect of a transport system design on different individuals. A case study with real data 
illustrates the model’s capabilities in evaluating trade-offs with parking demand and capacity with respect to mode 
choices in an activity-scheduling context. 
 There are many new research opportunities and questions to be addressed. While the study looks only at fixed 
route transit and parking, the model can be customized to examine more diverse mobility systems. Demand 
responsive transit systems can be modeled (only to some degree due to inherent demand stochasticity) by iteratively 
updating the service times as a function of equilibrium demand; one-way and two-way vehicle sharing can be 
modeled with additional constraints to separate carsharing stations from parking facilities. The load capacities can 
be applied to the parking facilities instead of the links in the network instead, using the vehicle pickup and drop-off 
times to determine the capacity constraint and dual price. Further considerations of activity scheduling impact from 
flexible transit services or shared use mobility systems may be achieved by iterating the market equilibration with an 
agent-based day-to-day adjustment process developed by Djavadian and Chow (2015). 
 In addition to the multimodal extensions and improvements to modeling of the dynamic loading, a more 
comprehensive operational model that includes a robust validation process would empirically test the model’s 
theoretical results. Another study that needs to be conducted is a comparison of the consistency of the mHAPP 
inverse optimization results with a maximum likelihood estimation of a mixed logit model of the market equilibrium. 
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